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ESTIMATED EXHAUSTIVE REGRESSION: REDEFINING THE CROSS-MODEL TEST STATISTIC
VIA SIMULATION
Jeremy Phillips, BA
Duquesne University, 2008

Regression-based data mining techniques, such as stepwise regression, are often
used by econometricians in situations where specifying a single hypothesis is not
desirable, often because the number of possible explanatory variables is too large or
because not enough is known about the subject to construct a theory driven hypothesis.
While such methods can be extremely helpful, they are highly susceptible to generating
spurious results. Davies (2008) proposes a data mining technique called Estimated
Exhaustive Regression (EER) which, he shows, can effectively differentiate between
deterministic and spurious factors within data sets where varying degrees of
multicollinearity are present. A critical step of EER is the calculation of the cross-model
chi-square test statistic; however, it can be reasonably argued that this test statistic is not
actually from a chi-square distribution. The purpose of this research is to (1) redefine
the cross-model test statistic, (2) use simulation to show that the redefined test statistic is
standard normally distributed, and (3) show that EER is less susceptible to generating
spurious results than stepwise regression.

The results of the analysis show that EER has the potential to be a very useful tool
for econometricians. It is shown that EER selects approximately half as many extraneous
variables as stepwise regression.
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|. Introduction

Multiple regression analysis is a powerful tool that allows researchers, such as
econometricians, to test a hypothesized relationship between a dependent variable and a
set of independent variables. A researcher properly implements a regression analysis by
testing a hypothesis that was carefully developed using a theory driven technique;
however, in practice, it is often not desirable to specify a single hypothesis, usually
because the set of possible explanatory variables is too large or simply because not
enough is known about the subject to construct a theoretically sound hypothesis. In
either case, the researcher might resort to a regression-based data mining technique, such
as stepwise regression, that attempts to sort through the data and arrive at the optimal

hypothesis.

But what exactly is data mining and how does it work? Data mining refers to a
wide array of algorithms, methods, and techniques that can be applied to data sets in
order to extract useful information. The fundamental strategy of most data mining
techniques is to search and/or sort through data sets and detect trends and relationships
within them. Multiple regression analysis is the most widely used statistical technique in
the data mining community. Typically, a researcher will use some sort of regression-
based data mining algorithm, such as stepwise regression, to find the set of explanatory
variables that best fits the data, i.e. the optimal hypothesis. These techniques are not all
necessarily as systematic as stepwise regression; for example, many researchers practice
“data-peeking” which is done by running various models prior to running the final model.
Data mining is useful because it often reveals previously unknown or unexplored

relationships that are not immediately obvious from theory. These findings often open up



new avenues for research or offer potential for improvements to previous research.
Despite its effectiveness, data mining is somewhat of a controversial practice because
many, if not most, data mining techniques are highly susceptible to generating spurious
results. One reason for this is because most data mining algorithms search for the model

that best fits the data, while in reality the true model may not be the best fitting one.

Although data mining has proven to be an extremely useful and practical tool in
many disciplines and sciences, this paper focuses on data mining and its application to
economics. Economics data has a tendency to contain varying degrees of
multicollinearity and, as a result, many regression-based data mining techniques are
highly susceptible to spurious results. The multicollinearity makes it difficult for many
of these techniques to differentiate between two variables that are highly correlated with
one another and many times the variable with the most explanatory power is kept, despite
the possibility that this extra explanatory power may simply be the result of random
chance. Also, variables sometimes show up as significant because of a direct relationship
they have with a true explanatory variable, creating an indirect, yet seemingly significant,
relationship with the dependent variable. Variables such as these are regularly and

wrongfully selected by many regression-based data mining algorithms.

The regression-based data mining technique in question in this paper is one first
proposed by Davies (2008) called Estimated Exhaustive Regression (EER). EER is a
technique that attempts to alleviate the spurious results problem by targeting and testing
variables individually rather than comparing entire models or model fits. This is
essentially done by examining the behavior of the parameter estimates of a particular

variable across multiple models. Although Davies has shown empirically that EER



works, a critical step of EER is the calculation of the cross-model chi-square test statistic,
but, it can be reasonably argued that this test statistic is not actually from a chi-square
distribution. The purpose of this research is to (1) redefine the cross-model test statistic,
(2) use simulation to show that the redefined test statistic is standard normally distributed,
and (3) show that EER is less susceptible to generating spurious results than stepwise

regression.

I1. Literature Review

Data mining is certainly not a new practice; however, its popularity has increased
over the last decade due to an explosion in computational technology and advancements
in the construction and use of databases. Despite the decreasing cost of computational
resources, many data mining procedures are still not feasible to implement simply
because the problems are so complex that it would take years to solve them on a personal
computer. For this paper we focus on regression-based data mining techniques that use
an exhaustive approach to model selection. Such techniques are often classified as all
subsets regression (Davies, 2008) or best subset regression (Hocking, 1967) because they
consider all possible models that can be specified using a single data set. The following
framework and notation will be used to better explain previous research:

Suppose a researcher is interested in a dependent variable, Y, and has a set, X, of

k possible explanatory variables:

(2.1)

Yn



xl,l
X = {xq, x5, ..., X, } Where x; = [ : ] (2.2)
Xin
Note that P (X), the powerset of X, consists of 2¥ — 1 unique subsets of X, excluding the

empty set:

P(X) = {{xl}, {x1, %5}, ..., {x1, ...,xk}} (2.3)
Let each of element of P(X) correspond to a unique regression model where only the

variables in that element are included. For example:
{xi,x;, %} = ¥V =@+ Bix; + +Bjxj + +Prxy (2.4)

There are then 2% — 1 possible regression models the researcher can construct using X.

An exhaustive regression-based data mining technique considers all of these
2% — 1 possible regression models in an attempt to find the best possible hypothesis.
There are two primary schools of thought on how to make this selection. The first is to
consider the entire model and select the best one based on some sort of logical
comparison of competing models. Stepwise regression is an example of this because as it
adds and removes variables it uses Mallows’ C,, to compare the fits between competing
models and then takes a step in the direction of the superior one. While stepwise
regression is commonly thought to be an all subsets approach to model selection, in
reality only a small number of models are actually considered. The fact is that stepwise
regression uses an iterative approach that will eventually settle at a local optimum and it
is not guaranteed that this optimum will be global. Kuk (1984) attempts to get around
this problem by applying the same principle of stepwise regression, using Mallows’ C,, to
compare models, to a proportional hazards model while also using an exhaustive or all
subsets approach. He applies his methodology to multiple myeloma data and finds that

his results are remarkably different from the results obtained by previous studies which



had utilized stepwise regression. He concludes, “new insights are gained and the
superiority of all subsets regression over stepwise regression is clearly demonstrated.”

Kuk’s application of all subsets regression did not require an extreme amount of
computational resources because of the nature and small size of the problem. In most
cases; however, an all subsets approach may be very time consuming, expensive, and
sometimes not even feasible. Hocking and Leslie (1967) developed an algorithm that
attempts to return the same result as all subsets regression without using the
computational resources required to actually examine all subsets. They found that their
methodology consistently returned ‘good’ models while using minimal computing
resources. To achieve this, they used a procedure similar to stepwise regression. One
key difference; however, is the method they used for selecting competing models; they
used the standardized total squared error as the criterion. One interesting and relevant
result of their research is they found that if a set consists of 10 possible explanatory
variables (1023 possible models) they needed to only compute, on average, 299 subsets
in order to find the best one. Although they claim their methodology is one which should
be used for discarding variables in multiple regression analysis, | do not find that their
research truly addresses the problem of spurious results as it does not target individual
variables, rather, it only compares models which can easily be influenced by spurious
relationships.

The second school of thought is to consider all 2¥ — 1 models and examine an
individual variable’s behavior across them, individually choosing which variables should
be in the model and which ones should not. An interesting take on cross-model

comparisons is presented by Leamer (1985). He applies an extreme-bounds test to a



variable’s parameter estimates across all possible models as a method for measuring that
variables robustness. By calculating the lower extreme bound and upper extreme bound
for each variable and comparing them, Leamer argues one can draw conclusions about
that variable’s robust nature. Consider the variable x; in the framework presented above.

If you were to run all 2% — 1 regression models you would have a collection of 2%¥~1
parameter estimates and standard errors for x;1. The lower extreme bound is defined as

min(pB; — 2sg,) across all sampled models where s, is the standard error of ;. The
upper extreme bound is defined as greatest value of max(f; + 2sp,). Leamer argues that

if the lower extreme bound is negative and the upper extreme bound is positive then x; is
not a robust variable. The basic premise here is that if a variable’s parameter estimate
tends to change signs between models then it is less likely to be a true explanatory
variable; you would expect it to be more stable if it were. Critics generally argue that this
is an extremely intolerant test that results in a high probability of discounting important
variables simply because it takes only one model, and some random chance, to throw a
variable out.

Sala-1-Martin (1997) is also interested in extreme-bounds tests; however, he is not
as quick as Leamer to discard variables. He argues, for example, that if 90% of a
variable’s parameter estimates are greater than zero then this variable is more robust than
a variable with only 50% of its parameter estimates greater than zero. While Leamer
would reject both of these variables, Sala-I1-Martin believes that the degree of robustness

is worth considering. Sala-1-Martin applies his methodology to the selection of variables

! Note that while there are 2 — 1 possible models, only half of them will include a given variable, thus

. i 2k _ .
each variable will have 5= 2k=1 parameter estimates.
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used to model economic growth and challenges the popular view found in empirical
growth literature, that no variables are robust. He concludes, “a substantial number of
variables can be found to be strongly related to growth.”

This paper focuses on a cross-model variable selection procedure that was
originally proposed by Davies (2008) called Estimated Exhaustive Regression (EER).
The principle argument behind EER is that the parameter estimates of a true explanatory
variables across a sufficiently large sample of all 2% — 1 possible regression models will
be more stable than the parameter estimates of variables with no underlying relationship.
As a measurement of a variable’s stability, Davies proposes a cross-model test chi-square
statistic and defines it as follows: Considering the framework mentioned above, suppose

we randomly select N elements from 2 (X) and run the corresponding N regression
models defined by (2.4). Let j2 be equal to the number of N models that include the

variable X;. We then have j parameter estimates, {f;; ... f;;}, and j corresponding

standard errors, {Sﬁu Sﬁij}. The cross-model test chi-square statistic for variable X; is

calculated as follows:

J ~
Bi
=), ({) ~x (25)

Davies asserts that under reasonable assumptions the cross-model test statistic comes
from a chi-square distribution with j degrees of freedom. To correct for type Il errors, he
divides the entire test statistic by j and then assumes it to be chi-square distributed with
one degree of freedom. This test statistic is then used to test the null hypothesis that

B; = 0. Davies experiments with a variety of critical values; however, in his final results

N

? Note that E(j) = >
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he uses a critical value of 2.0. If the test statistic is greater than or equal to 2.0 then the
null hypothesis is rejected and the variable is considered to be a true explanatory variable;
otherwise, it is considered to be insignificant. This procedure is then repeated for all k
variables and only the true explanatory variables are included in the final model.

By running Monte-Carlo tests on c;, Davies (2008) is able to measure the
effectiveness of EER. Generic data was generated, ensuring that the data did not violate
any of the assumptions of linear regression and building into it varying degrees of
multicollinearity in an effort to mimic real, economic data. Simulations run on these data
sets show that EER is able to correctly select deterministic factors upwards of 85% of the
time while selecting each spurious variable less than 20% of the time. Stepwise
regression was slightly more effective at selecting true deterministic factors; however, it
was more susceptible to falsely identifying a variable as deterministic when it was not.
The results also show that as the number of possible explanatory variables, k, increases,
EER becomes more effective. These results serve as strong evidence that EER is a very
practical and effective regression-based data mining technique that can differentiate
between deterministic and spurious factors.

It is important to note that a key assumption of EER is that the parameter estimate
of a given variable from a given model is independent from the parameter estimate of the
same variable from a different model, i.e. B35, is independent of ﬁ”. For various reasons,
this assumption is highly unlikely to be true and as a result of this dependence, the cross-
model test statistic is not chi-square distributed. In fact, its distribution does not appear
to be a well known one such as a gamma or Weibull. The central purpose of this paper is

to redefine the cross-model test statistic in order to make it more consistent and
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theoretically sound. Once we have redefined the test statistic and established its
properties, we can run Monte Carlo tests similar to those run by Davies.
I11. Methodology

Suppose you are using linear regression to test the following competing

hypotheses:

y=a+ 11X+ 1Xrtu

y=a+pX1tu
For both hypotheses you run the following linear regressions:

y=a+ B1.1X1 + 32.1X2

y=a+ B1.2X1

3.1)

3.2)

3.3)

(3.4)

You then have two different parameter estimates for 8;, namely B, ; and B, ,. Assuming

that B, = 0, it is well known that the standardized form of 8, and £, , will be t-

distributed and, assuming a sufficiently large number of degrees of freedom, will be

essentially standard normally distributed.

It is well known that the sum of two normally distributed, independent random

variables will also be normally distributed; thus, assuming independence, it follows that

B11 + B, will also be normally distributed, specifically:
Bl-l + E1-2~N(0’5ﬂ1.1 + Sﬂ1.2)
It then follows that:

Bl.l + Bl.Z
2(sp,, +58,,)

~

(3.5)

(3.6)
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For various reasons, it is clear that 8, ; and 8, , will not be independent, in fact they will
generally be highly dependent and correlated. We can use the following argument to

suggest that regardless of this dependence, their sum will still be normally distributed:

We have no reason to believe that the dependence between £, ; and f3; , is any stronger
than what can be explained by their correlation; therefore, we consider the following

linear relationship:
fii=a+Bpi,+v (3.7)
Where « is a constant and v~N (9, s,,). By substituting (3.7) into (3.5) we have:
Bi1+ Py — a+ BB, +v+ i (3.8)
— a+ (B+1)pi,+v (3.9)

We can then break this sum down into 3 components:

a (3.10)
(B+ 1)f1, (3.11)
v (3.12)

We know that f3; , is normally distributed, thus a scalar multiple of it, (3.11), will also be
normally distributed, specifically (B + 1)5,,~N(0,B + 1 + sg__). Since (3.10) is a
constant, adding it to (3.11) will only change its distribution’s mean,

We can then say under reasonable certainty that:

a+ (B+1)p,~N(a,B+1+sp,,) (3.13)

Recall that v is essentially the residual we get when we fit (3.7), and as an assumption of
GLS, it must be uncorrelated with 3, ,. We make the reasonable assumption that zero

correlation between B, , and v establishes their independence or implies that any
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dependence between them is weak at best. We can then deduce that (3.13) is independent
of v.

Recalling that v~N (1, s,,)), we can conclude the following:

a+ B+ Dp,+v~N(a+05,B+1+sp,+5,) (3.14)
Therefore:
Pri+Bra~N(a+0,B+1+s5, +5,) (3.15)
P11+ Pia N (a +0 B+1+ +sﬁl_zsv) (3.16)
2 2 2

Result (3.15) tells us that the sum of a variable’s parameter estimates across
models is normally distributed and result (3.16) essentially extends (3.15) to a variable’s
average parameter estimate across models. What we are really after is how a variable’s

average standardized parameter estimate across models is distributed. We can extend

+1+5ﬁ1 2+Sv

result (3.16) to the standardized case and reason that Z - =13

Based on this argument, the mean of this distribution, v, will be impossible to

atv
2
calculate exactly using only one sample because it is a function of the correlation of
parameter estimates across multiple samples; however, we will show empirically that the
expected value of this average across variables is zero.
The argument above serves as motivation for the construction of a cross-model

test statistic similar to that proposed by Davies (2008). Keeping consistent with the

earlier notation, we define c; as follows:

_BratBiz

will equal one regardless of dependence.
2(531.1+531.2)

% Note that the standard deviation of
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j
. _1 Pin\ _ (3.16)
" J Z (Sﬂih) ’

We can use properly constructed simulations to get empirical estimates of our
new cross-model test statistic’s sampling distribution nd test our hypothesis that it is
standard normally distributed. Because what we are looking for is a sampling
distribution, we must define populations from which we can sample data from. From
each sample we can calculate test statistics and by re-sampling the same populations a
sufficiently large number of times we can construct empirical cumulative distribution
functions for these test statistics. We define our data populations using the following
procedure:

Data Populations®

1. Let X; be defined as a standard normal random variable. Thus the population for
X, can be defined by the standard normal distribution.

2. Letthe populations of X, — X;5 be defined such that X; = y;X; + v;, where y; are
randomly selected from the standard normal distribution and are held constant
across all observations. v; are randomly selected from a normal distribution with
mean 0 and variance 0.1 and are randomly selected for each observation.

3. Let the population of y be defined such that y = a + B, X; + X, + X, + u;
where a« = B, = B, = P53 = 1and u; is standard normally distributed and is

randomly selected for each observation .

* This is a slightly modified version of the procedure used by Davies (2008)
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When we sample data from these populations we expect the relationships to vary slightly
across samples. Figure 3.1 and Figure 3.2 illustrate an example of two samples from the
same population. Notice that although the relationships are very similar, they do vary
slightly across the samples. It is this variation that allows us to use this data generation

methodology to simulate how the cross-model test statistic is distributed.

Figure 3.1 - Sample 1 Figure 3.2 - Sample 2

y =0.2589x - 0.2576 . y =0.2614x - 0.2494

Xy Xy

The data is designed to represent economic data, which tends to contain varying
degrees of multicollinearity. The correlation matrix in Figure 3.3 clearly illustrates the
presence of multicollinearity in a typical data set generated by this methodology.

It is easy to see in this example that all the variables are highly correlated with the
dependent variable even though the dependent is truly only a function of X,, X,, and X;.
It is also easy to see the strong relationships the independent variables have with one
another. Both of these conditions compound the model selection process and cause

confusion for the researcher when trying to develop a hypothesis. This type of data

17
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structure offers us a great opportunity to test how effectively EER can see through

spurious correlations and the multicollinearity.

Figure 3.3 -Sample Correlation Matrix

y X1 X2 X3 X4 Xs Xs X7 Xs X Xio Xy X Xiz Xie Xgs
100 094 094 -050 -093 075 -076 08 08 -088 093 -08 091 028 083 -0.17
094 100 099 -062 -099 079 -082 091 09 -094 099 -09 097 030 088 -0.18
094 099 100 -061 -098 078 -081 091 09 -093 098 -093 09 030 087 -0.18
-050 -0.62 -061 100 062 -051 052 -057 -05 059 -062 057 -061 -021 -0.56 0.08
-093 -099 -098 062 100 -078 081 -090 -0.89 094 -098 094 -09 -030 -0.87 0.18
075 079 078 -051 -078 100 -064 074 071 -076 078 -0.74 077 023 069 -013
-0.76 -082 -081 052 081 -064 100 -074 -075 078 -081L 0.77 -0.79 -025 -0.71 0.13
085 091 091 -057 -09 074 -074 100 083 -08 090 -08 088 029 082 -0.16
08 09 09 -056 -089 071 -075 083 100 -08 089 -086 087 027 080 -0.17
-088 -094 -093 059 094 -076 078 -08 -08 100 -093 089 -092 -029 -0.83 0.17
093 099 098 -062 -098 078 -081 09 089 -093 100 -093 096 030 088 -0.18
-088 -095 -093 057 094 -074 077 -08 -08 089 -093 100 -091 -0.30 -0.84 0.17
091 097 09% -061 -09 077 -079 088 087 -092 09 -091 100 030 086 -0.15
028 030 030 -021 -030 023 -025 029 027 -029 030 -0.30 030 1.00 0.27 -0.08
083 088 087 -056 -087 069 -071 082 08 -083 088 -084 08 027 1.00 -0.16
-0.17 -0.18 -0.18 0.08 0.18 -0.13 0.13 -0.16 -0.17 0.17 -0.18 0.17 -0.15 -0.08 -0.16 1.00

We use the following procedure to generate empirical examples of how the cross-

model test statistic is distributed:

Sampling Distribution Simulation

Generate data populations using the procedure outlined above.

Take a 1,000 observation sample of all variables from the data populations

defined in Step 1.

Randomly select 1,000 regression models from the possible 32,767 that can be

constructed using variables X; — X;:.
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4. Run the 1,000 regression models selected in Step 3 using the sampled data from
Step 2.
5. Calculate the cross-model test statistic, as defined by (3.16), for variables
X, — X5 using the results from Step 4.
6. Repeat steps 2-5 a total of 1,000 times, being sure that the all the data is being
sampled from the same populations that were defined in Step 1.
As a result of this simulation, we will have a set of 1,000 cross-model test statistics for
each variable, X; — X;s. Because these test statistics come from multiple samples of the
same population, we can use them to construct an empirical estimation of our target

sampling distribution.

If these simulations confirm our hypothesis, that our cross-model test statistic is
standard normally distributed, we can use the test statistic as a tool for model selection.
By running Monte Carlo tests on EER similar to those performed by Davies, we can
compare EER s effectiveness to the effectiveness of backward-stepwise regression. The

following procedure is used to perform said Monte Carlo tests:

Monte Carlo Testing EER

1. Generate data populations using the procedure outlined above.

2. Take a 1,000 observation sample of all variables from the data populations
defined in Step 1.

3. Randomly select 500 regression models from the possible 32,767 that can be

constructed using variables X; — X;:.
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Run the 500 regression models selected in Step 3 using the data set generated in
Step 2.

Calculate the cross-model test statistic, as defined by (3.16), for variables

X, — X1z using the results from Step 4.

Perform a two-tailed hypothesis test on each test statistic calculated in Step 5
using a .05 level of significance and assuming that the test statistic is standard
normally distributed under the null hypothesis that 8; = 0. The final model will
consist of only those variables that do not pass this hypothesis test.

Run backwards-stepwise regression on the data set generated in Step 2 using .05
as the level of significance.

Repeat steps 1-7 a total of 2,000 times, generating new data populations and data

sets for each iteration.

IV. Results and Analysis

The results from the sampling distribution simulation show us considerable

empirical evidence that our cross-model test statistic comes from a normal distribution.

Figure 4.1 shows us the empirical cumulative distribution function obtained from our

simulation for the cross-model test statistics of variables X, — X,5. These appear to all

be normally distributed; however, we do not see convincing visual evidence that they

standard normally distributed. We know that none of variables should be statistically

significant in the correctly specified model; thus, we can argue that there should be

nothing inherently different between the distributions of their cross-model test statistics.

Following that reasoning, it may make sense to blend or average all of these distributions

20



Cumulative Distribution Function

together.” The result of blending these distributions is shown in Figure 4.2. We see
overwhelming visual evidence that this blended distribution is a standard normal; in fact,

the comparison passes a Kolmogorov-Smirnov test at a .05 level of significance.

Figure 4.1 - Empirical CDF of the cross-model test Figure 4.2 - Blended Empirical CDF of the cross-
statistic of spurious factors model test statistic for a spurious factor

1.0
0.9 -
0.8 -
0.7 -
0.6 -
0.5 -
0.4 -
0.3 -
0.2 A
0.1 -

Cumulative Distribution Function

0.0 -

-4.0 -2.0 0.0 2:0 4.0 -4.0 20 OjO 2I.O
Cross-Model Test Statistic Cross-Model Test Statistic
The distributions in Figure 4.1 are from a simulation that consisted of the random
selection of 1,000 regression models over 1,000 population samples. Figure 4.3
illustrates what happens as we increase the number of regression models to 2,000 and the
number of population samples to 2,000. Figure 4.4 illustrates the results of a similar
simulation that used only 50 regression models and 5,000 samples. Notice that as the
number of samples increases, the distributions converge toward the standard normal.
The empirical evidence supports our hypothesis that the cross-model test statistic is
approximately standard normally distributed. Lastly, Figure 4.5 illustrates the results of
a simulation using 25 regression models and 10,000 samples. As the sample size

becomes larger, these distributions begin to slightly converge. Blending these

> Blending the distributions is done by merging all of the sets of test statistics into one set.
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distributions in the same manner as performed above results in a distribution that is
almost exactly equal to the standard normal distribution; this is shown in Figure 4.6.
Again, the comparison passes a Kolmogorov-Smirnov test at a .05 level of significance.
This result supports our claim that the expected mean of the cross-model test statistic for
a given variable will be zero. From these results we can conclude that our hypothesis is
correct, the distribution of a given variable’s cross-model test statistic, when its
parameter estimate in the correctly specified model is zero, is expected to be

approximately standard normal.
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Cumulative Distribution Function

Cumulative Distribution Function

Figure 4.3 - 2,000 Models / 2,000 Samples Figure 4.4 - 50 Models / 5,000 Samples

1.0 1.0
0.9 - 0.9 -
c
0.8 - 2 08 -
2
0.7 - z 0.7 -
c
0.6 - S 06 -
a
0.5 - S 05 -
0.4 - a 04 -
=
0.3 & 03 -
3
0.2 - E 02 -
o
0.1 01 -
0.0 - r : 0.0 -
-4.0 -2.0 0.0 2.0 4.0 -4.0 -2.0 0.0 2.0 4.0
Cross-Model Test Statistic Cross-Model Test Statistic
Figure 4.5 - 25 Models / 10,000 Samples Figure 4.6 - 25 Models / 10,000 Samples - Blended
1.0 1.0
Cross-Model Test Statistic
0.9 4 c 0.9 - -~ - standard Normal
0.8 - £ 0.8 -
2
0.7 - z 0.7 A
c
0.6 - £ 0.6 -
>
o)
0.5 - S 0.5 -
2
0.4 2 04 -
=
0.3 - T 0.3 -
>
0.2 - £ 02 -
(@]
0.1 A 0.1 -
0.0 0.0 T
-4 -2 0 2 4 4 2 0 2
Cross-Model Test Statistic Cross-Model Test Statistic

We can conclude that when performing the hypothesis test in the EER procedure
we should use a two-tailed test with critical values of approximately -1.96 and 1.96 and
only include a variable in the final model if its cross-model test statistic is either less than
-1.96 or greater than 1.96. The results of performing the simulation outlined above using

these critical values is summarize in Figure 4.4.



Figure 4.7 - Monte Carlo Test on EER - 2,000 Trials - 15 Variables

BEER Backward Stepwise
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These results are interesting for a couple reasons. The first reason is that both
EER and stepwise regression have a difficult time including X, in the final model. This is
likely because the multicollinearity between the variables is inherently stronger across X,
since all other variables are generated as a function of it. While this step in the data
generation process creates the multicollinearity between all variables, it will naturally
results in stronger correlations for X;. The second interesting result is that the rate at
which EER selected an unrelated variable to be in the model was 6.3% while for stepwise
regression this rate was 12.3%. This evidence supports our claim that EER is less
susceptible to generating spurious results than stepwise regression.

Figure 4.8 illustrates the results of the same Monte Carlo test outlined above;

however, this time the number of spurious variables is increased from 12 to 17 (X,—X5).
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Figure 4.8 - Monte Carlo Test on EER - 2,000 Trials - 20 Variables
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The results are similar to the case where there were only 15 total variables. Again EER
does a better job than stepwise regression at leaving extraneous variables out of the
model. The rate at which EER selected an unrelated variable to be in the model was
5.3% while for stepwise regression this rate was 12.4%. EER’s performance improved

slightly in this respect.

V. Economic Implications

Although the results of this analysis can be applied to several different sciences
and disciplines, their application to economics stands out. For example, there is a large
collection of literature written concerning variable selection in economic growth models
and there are many contradicting conclusions. Some researchers conclude that there

exist very few or no variables that are robust enough to correlate systematically with
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economic growth (Lavine & Renelt, 1992), while others find strong evidence that certain
sets of variables are strongly correlated with growth (Sala-1-Martin, 1997). One of the
problems with modeling economic growth is the vary degrees of multicollinearity that are
generally found across variables. The multicollinearity makes the variable selection
process confusing for the researcher and it is common practice for them to resort to a
regression-based data mining technique. These techniques do not necessarily have to be
as systematic as stepwise regression. For example, any time a researcher begins adding
and removing variables or testing multiple hypotheses they are essentially data mining.
The problem with these techniques is that of multiple comparisons because the more
models that are tested, the higher the probability that a variable randomly becomes

significant.

We have shown that in the case of multicollinearity, stepwise regression is highly
susceptible to generating spurious results. We have also shown that EER performs
significantly better than stepwise regression in terms of being able to eliminate variables
that do not belong in the model. Because it is natural for economic data to contain
varying degrees of multicollinearity, and because the simulations used in this analysis
target variable selection in the presence of multicollinearity, the results suggest that EER

has the potential to be a very effective tool for economists.

V1. Suggestions for Future Research
The results of the sampling distribution simulations run in this analysis offer no

evidence that the cross-model test statistic we have defined are not normally distributed.
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They seem to be very well behaved; however, the argument I offer for why this is the
case may not be accepted by some as a sound mathematical proof. Itis clear that the
standardized parameter estimates of a given variable across multiple models are
dependent with one another. The average of these estimates will only be normally
distributed if it is the case that their joint probability distribution is also normal. One
avenue for possible future research would be to prove that this is always the case.

The theory and effectiveness of EER has only been tested with data sets specific
to those used in this analysis. It is unclear whether or not these results can be extended to
all variable selection problems. Further testing and development of the theory is required
in order to extend these results to the general case. One area that requires particular
attention is our assumption that the expected mean of the cross-model test statistic is zero
for all variables. In reality, each variable is likely to have a different mean. As a whole,
all these means will likely be distributed about zero; however, it may be possible to
estimate this mean more exactly. By assuming it is always zero, we are essentially
guaranteeing that over a large enough sample our false negative rate will be only 5%;
however, this does not guarantee that the false negative rate for a particular variable will
be 5%. This is a problem that should be further investigated, though we may not be able

to avoid it.

VII. Conclusion
The purpose of this research was to improve upon the EER procedure proposed by
Davies (2008) by redefining the cross-model test statistic and showing that this test

statistic is from a standard normal distribution and to run simulations testing EER s
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effectiveness compared to stepwise regression. We are able to show both theoretically
and empirically that the cross-model test statistic we defined in (3.16) is from a standard
normal distribution. By running a two-tailed hypothesis test using this test statistic we
are able to show that EER is an effective tool for variable selection. What is encouraging
about our results is that our false negative rate (that is the rate at which we include a
variable in the final model when it should not be included) is only around 5-6%, which is
essentially right where it should be considering we are working at a .05 level of
significance. These results support our hypothesis that (3.16) is from a standard normal
distribution. The stepwise procedure typically has a false negative rate of around 12%,
even though it will only include a variable in a model if it is significant at the .05 level.
The problem is that many variables make it into the final models only because they are

significantly influential in that model simply due to random chance.

We have demonstrated that EER is a more superior data-mining technique than
stepwise regression in the sense that it is less susceptible to generating spurious results.
Specifically, this analysis targeted data sets that contained varying degrees of
multicollinearity in an attempt to mimic typical economic data. The results show that
EER is more superior in cases of multicollinearity than stepwise regression; thus, this
suggests that EER has the potential to be a very useful variable selection tool for

economists.
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