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ESTIMATED EXHAUSTIVE REGRESSION REDEFINING THECROSSMODEL TEST STATISTIC
VIA SIMULATION
Jeremy Phillips, BA
Duqguesne University, 2008

Regressiofbased data mining techniques, such as stepwise regression, are often
used by econometricians in situations whggecifying a single hypothesis is not
desirableoften becausthe number of possible explanatory variabketoo largeor
because not enough is known about the subject to construct a theory driven hypothesis
While such methods can be extremely helpful, they are highly susceptible to generating
spurious resultsDavies (2008 proposes a@ata miningtechniquecalled Estimated
ExhaustiveRegression (EER\hich heshows caneffectivelydifferentiate between
deterministic and spurious factongthin data sets whenrearying degrees of
multicollinearity are present A critical step of EER is the calculation of the crossdel
chi-squareteststatistic however, it can be reasonably argued that this test statistic is not
actually from a chisquare distribution The purpose of this research ig19 redefine
the cresmodelteststatistic (2) use simulation tehow thathe redefined test statistic is
standardnormédly distributed,and (3) showthat EER is less susceptilitegenerating
spurious resultshan sepwise regression.

The results of the analysis show that EER has the potential to be aseduytool
for econometricians. It is shown that EER selects approximately half asextaayeous
variables as stepwise regression.

Keywords:regression based data mining, data mining, all subsets regression, best subsets regression
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|. Introduction

Multiple regression analysis is a powerful ttiwht allowsresearchers, such as
econometriciandp test a hypothesized relationship between a dependent varialae and
set of independent variables.researcher properly implements a regression analysis by
testing a hypothesis that was carefully developed using a theory driven technique;
however, in pactice,it is oftennot desirableo specify a single hypothesis, usually
because the set of possible explanatory variables is too large or simply because not
enough is known about the subject to construct a theoretically sound hypothesis.
either casethe researcher might resortaaegressioibaseddata mining techniqyesuch
as stepwise regressidhat attempto sort through tb dataand arrive athe optimal

hypothesis

But what exactly is data mining and how does it work? Data mining refers t
wide array of algorithms, methods, and techniques that carpbiechfp datasets in
order to extract useful informatiof.he fundamental strategy of most data mining
techniques is to search and/or sort through sietsaand detect trends and relasioips
within them.Multiple regression analysis is the most widely used statistical technique in
the data mining community. Typically, a researcher will use some sort of regression
based data mining algorithm, such as stepwise regression, to find tfiesetanatory
variables that best fits the data. the optimal hypothesi$hese techniques are not all
necessarily as systematic as stepwise regression; for example, many researchers practice
Adateae ki ngd whi ch i s doneortownnngtherfinalmmpde ar i ous
Data mining is useful because it often reveals previously unknown or unexplored

relationships that are not immediately obvifnaen theory. These findings often open up



new avenues for researchaffer potential foimprovements to previous research.

Despite its effectiveness, data mining is somewhat of a controversial practice because
many, if not most, data mining techniques are highly susceptible to generating spurious
results. One reason for this is because most datang algorithms search for the model

that best fits the data, while in reality the true model may not be the best fitting one.

Although data mining has proven to be an extremely useful and practical tool in
many disciplines and sciences, this paper fesws data mining and its application to
economics. Economics data has a tengém containvarying degrees of
multicollinearityand, & a result, many regressibased data miningechniquesre
highly susceptibldgo spurious resultsThe multicollineaity makes itdifficult for many
of these techniques to differentiate between two variables that are highly correlated with
one another and many times the variable with the most explanatory power is kept, despite
the possibility that this extra explanatgrywer may simply be the resalf random
chance. Also, ariablessometimeshow up as significant becaudeaddirect relationship
they have with a true explanatory variable, creating an indirect, yet seemingly significant,
relationship with the dependent variable. Variables such asdhesegularly and

wrongfully selected bynanyregressiorbased data ming algorithms

Theregressiorbaseddata mining technique in question in this paper is one first
proposd by Davies (2008¢alledEstimated Exhaustive Regress{&ER). EERIs a
techniquehat attempts talleviate the spurious results problemtasgeting and testing
variables individually rather than comparing entire models or modelThss is
essentially donby examining the behavior of the parameter estimates of a particular

variable across multiplemodels.AlthoughDavies has shown empslly thatEER



works, acritical step ofEERIs the calculation of therossmodelchi-squaretest statisti¢

but, itcan be reasonably argued that this test statistic is not actually frorsgueine
distribution. The purpose of this research is tor@ddefine the crossiodel test statistic,

(2) use simulation to show that the redefined test statistic is standard normally distributed,
and (3) show that EER is less susceptible to generating spurious results than stepwise

regression.

[l . Literature Review

Data mining is certainly not a new practice; however, its popularity has increased
over the last decade due to an explosion in computational technology and advancements
in the construction and use of databases. Despite the decreasing cost of comaputation
resources, many data mining procedures are still not feasible to implement simply
because the problems are so complexitivabuld take years to solve them on a personal
computer. For this paper we focus on regresbesed data mining techniques thae
anexhaustiveapproach to model selection. Such techniques are often classifitd as
subsetsegressionDavies, 2008) obestsubset regressiofHocking 1967)because they
considerall possiblemodelsthat can be specified using a single daaThe following
frameworkand notatiorwill beused to better explain previous research

Suppose a researcher is interested in a dependent variadhel has a sek;, of

k possible explanatory variables

2.1)
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xl,l
X = {xq, x5, ..., X, } Wherex; = [ : ] (2.2)
Xin
Notethat? (X), the powerset of, consists o2* — 1 unique subsets df, excluding the

empty set:

P(X) = {{xl}, {x1, %5}, ..., {x1, ...,xk}} (2.3)
Let each of element & (X) correspond to a unique regression madatre only the

variables in that element are included. For example:
{xi,x;, %} = ¥V =@+ Bix; + +Bjxj + +Prxy (2.4)

There are the@* — 1 possible regression models the researcher can construciusing

An exhaustiveegressiorbased data mininggchniqueconsides all of these
2% — 1 possible regression models in an attempt to find the best posgiuthesis
There are two primary schools of thought on how to make this selection. The first is to
consider the entire model and select the best one based on some sort of logical
comparisorof competing modelsStepwise regression is an example of beisausas t
adds and removes variabled  u s e s C, Madmbaehesfits between competing
modelsandthen takes atepin the direction of the superione While depwise
regression is commonly thought to beadinsubset@pproach to model selectian
reality only a small number of models are actually considered. The fietstepwise
regressioruses an iterative approach that will eventually settle at a local optandin
is not guaranteed that this optimum will be glob&uk (1984)attemptdo get around
this problem byapplying thesame principle of stepwise regressionrs i ng Mgtb| ows 0
compare modeldp a proportional hazards modethile also using aexhaustiver all
subsetapproach. He applies his methodology to multiple myeloma data and finds that

his results are remarkably different from the results obtained by previous stdtibs



had utilized stepwiseegression He c oewmsigatsl aesgainediand the
superiorityofdl subsets regression over stepwise re:
Kukodés application of all subsets regressi
computational resources because of the nature and small size of the problem. In most
caseshowever, an all subsets approachy bevery time consuming, expensive, and
sometimes not even feasiblelocking and Leslie (1967) developed an algorithm that
attempts taeturn the same result as all subsets regression without using the
computational reources required to actually examine all subsdtsey found that their
met hodol ogy consistently returned 6égoodd mod
resources. To achieve this, they used a procedure similar to stepwise regression. One
key differencehowever, is the method they used for selectmgmeting models; they
used thestandardized total squared erras the criterion. One interesting and relevant
result of their research is they found that if a set consists of 10 possible explanatory
variabks (1023 possible models) they needed to only compute, on average, 299 subsets
in order to find thdestone. Although they claim their methodology is one which should
be used for discarding variables in multiple regression analysis, | do not finddinat th
research truly addresses the problem of spuriesidtsas it does not target individual
variables, rather, it only compares models which can easily be influenced by spurious
relationships
The second school of thought is to consideRaH- 1 modelsand examine an
individual variablé behavior across thenmdividually choosing which variables should
be in the model and which ones should n interesting take on crossodel

comparisons is presented by Leamer (1985). He appliestaameboundstestto a



variablegs parameter estimates across all possible models as a method for measuring that
variablesrobustness By calculating thedwer extreme bounandupper extreme bound

for each variablend comparing them, Leamer argues oae draw conclusions about

t hat v ebustrature €dnsider the variable in the framework presented above

If you were to run al2® — 1 regression models you would have a collectio@*of*
parameter estimates and standard efaoors;1. Thelower extreme bounid defined as

min(pB; — 2sg,) across all sampled models whegeis the standard error ¢f. The
upper extreme bourid defined as greatest valueméux(B; + 2sp,). Leamer argues that

if the lower extreme bounid negative and thapper extreme bound positive therx; is
not arobustvariableThe basi c premise here is that if
tends to change sighgtweermodels then it is less likely to be a true explanatory
variable you wouldexpect it to be more stable if it wer€ritics generally argue that this
is an extremely intolerant test that resulta inigh probability of discounting important
variablessimply because it takemly one model, and some random chance, to ttarow
variableout

Salal-Martin (1997) is also interested éxtremeboundstests however, he is not
as quick as Leamer ttiscardvariables. He arguefor examplethat if 90% of a
vari abl ebs par amet e zerothenthis vadableis moabustthgnr e at er
a variable with only 50% of its parameter estimates greater than zero. While Leamer
would reject both of these variabl&glal-Martin believes that the degreerobustness

is worth considering. SalaMartin apgies his methodology to the selection of variables

! Note that while there ar2* — 1 possible models, only half of them will include a given variable, thus
k
each variable will havé— = 2%~1 parameter estimates.
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used to model economic growdind challenges the popular view found in empirical
growth | iterature, that n asubstanmta aumbeeos
variables can be foundtobestrbng r el ated to growt h. o
This paper focuses on a crasedel variable selection proceduhat was
originally proposed by Bvies (2008ralledEstimated Exhaustive Regress{&iER).
The principle argument behiritERIs that the parameter estimatésatrue explanatory
variables across a sufficiently large sample o2l 1 possible regression models will
be more stable than the parameter estinfteariableswith no underlying relationship
As a measurement of a variafglestability, Davieproposes arossmodé testchi-square
statisticand defines it a®llows: Considering the framework mentioned abasugpose

we randomly seledtl elementdrom P (X) and run the correspondidgregression
models definedby (2.4). Letj2 be equal to the number Bfmodels that include the
variableX;. We then havg parameter estimatel;; ... 5;;}, andj corresponding
standard error{,s}gi1 -"Sﬁij}- Thecrossmodel testhi-squarestatistc for variableX; is

calculated a$ollows:

J A
Bi
=), ({) ~Xj (259

Davies assertthat under reasonable assumptionsctlessmodel test statisticomes
from achi-squaredistributionwith j degrees of freedomro correct for type Il errorde
dividesthe entire tesstatisticby j andthen assumes it to lehi-square distributed with
one degree of freedonT his test statistic is then ustmtest thenull hypothesighat

B; = 0. Davies experiments with a variety a@ftical values; however, in his final results

N

2 Note thatE(j) = >
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heuses a critical value of 2.0f the test statistic is greater than or equd.@thenthe
null hypothesis is rejected arfaetvariable is considered to be a true explanatory variable;
otherwisejt is considered to be significant. This procedure is then repeated forkall
variablesand only the true explanatory variables are included in the final model

By running MonteCarlo tests om;, Davies(2008)is able to measure the
effectiveness dEER Generic data was generatedsuing that the data did not violate
any of the assumptions of linear regressiontaunttling intoit varying degrees of
multicollinearityin an effort to mimic real, economic dat8imulations run on these data
setsshow thatEERIs able tocorrectlyselectdeterministicfactorsupwards of 85% of the
time while selectingeach spuriousariableless thar20% of the time.Stepwise
regression was slightly more effective at selecting true deterministic factors; however, it
was more susceptible to falsétientifying a variable as deterministic when it was not.
The results also show thatthe number of possible explanatory variablesncreases,
EERbecomes more effectivelhese results serve as strong evidenaeBRRis a very
practical and effective regressibased data mining technigtieat can differentiate
between deterministic and spurious factors.

It is important to note that a key assumptiofe&Ris that the parametestimate
of a given variable from agen model is independent from the parameter estimate of the
same variable from a different modieé. 3;;, is independent qf’i]-. For various reasons,
this assumption is highly unlikely to be true and as a restitis dependencéjecross
model est statistids not chi-squaredistributed In fact, its distribution does not appear
to be a well known one such agammaor Weibull. The central purpose of this paper is

to redefine therossmodel test statistim order to make it more consistent and

12



theoretically soundOnce we haveedefined the test statistic and established its
propertieswe can rurMonteCarlotess similar to those run by Davies
[l . Methodology

Suppose you are using linear regresswtest the following competing

hypotheses:

y=a+ 11X+ 1Xrtu (31)

y =a+ ﬁl.le +u (32)
For both hypotheses you run the following linear regressions:

y=a+ B1.1X1 + 32.1X2 (3-3)

P =a+ Pr2X, (34)
You then have two different parameter estimategfpnamelyg, ; andg; ,. Assuming
thatB, = 0, it is well known that the standardized form@f, and f; , will be t-
distributedand, assuming a sufficiently large number of degrees of freedlitirbe
essentiallystandardnormally distributed.
It is well known that the sum of two normally distributed, independent random

variables willalsobe normally distributed; thusssuming independence, it follows that

B11 + B1, will also be normally distributed, specifically:

'él-l + E1-2~N(O’Sﬂ1.1 + Sﬂ1.2) (35)
It then follows that:

Bl.l + Bl.Z
2(sp,, +58,,)

~Z (3.6)

13



For various reasons, it is clear ti#at; and £, , will not be independent, in fact they will
generally be highly dependent and correlatéte can use the following argument to
suggesthat regardless of this dependence, their wilhstill be normally distributed:

We have no reason to believe that tepehdence betwegh ; andf, , is any stronger

than what can be explained by their correlation; therefore, we consider the following

linear relationship:
fii=a+Bpi,+v (3.7)
Wherea is a constant and~N (7, s,,). By substituting 8.7) into 3.5) we have:
Bi1+ Py — a+ BB, +v+ i (3.8)
— a+ (B+1)pi,+v (3.9)

We can then break this sum down into 3 components:

a (3.10)
(B+ 1)f1, (3.11)
v (3.12)

We know thaif, , is normally distributed, thus a scalar multiple of &1(), will also be

normally distributed, specificallgB + 1)5, ,~N(0,B + 1 + s ). Since 8.10) is a

constant, addingitt81 1) wi |l |l only change its distri

We can then say under reasonable certainty that:

a+ (B+1)p,~N(a,B+1+sp,,) (3.13)

Recall that is essentially the residual we get when we3if), and as an assumption of

GLS it must be uncorrelated wiffy ,. We make the reasonable assumption that zero

correlation betweef, , andv establishes their independence or implies that any

14
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dependence between thenwsakat best. We can then deduce tl#13) is independent
of v.

Recalling thav~N(#,s,), we can conclude the following:

a+ B+ Dp,+v~N(a+05,B+1+sp,+5,) (3.14)
Therefore:
Bii+Pioa~N(a+0,B+1+ sg,, + Sp) (3.15)
Pathia (a +0 B+1+ +sﬁl_zsv) (3.16)
2 2 2

Result (3.15) tells us th#tte sum ofvariablé€s parameter estimates across
models is normally distributeahd result (3.16) essentially exterf@sl5)toa v ar i abl ed s
averageparameter estimate across modé&¢hat we are really after is hoawariables

averagestandardized parameter estimateoss models distributed. We can extend

result (3.5) to thestandardized case and reason tﬁw =13

Based on this argumentgtimean of this distributioﬁ;—v, will be impossible to

calculateexactlyusing only one samplaecausét is a function of the correlation of
parameter estimates acresasltiple sampleshoweverwe will show empirically that the
expected value dhis average acrossriables izera

The argument above serves as motivation foctmstrucion of acrossmodel
test statisticsimilar to that proposed by Davies (2008). Keeping consistent with the

earlier notation, we defing as follows:

L B11+B .
% Note that the standard deviatio ot = fi“ ) will equal one regardless of dependence.
B1.17°PB12

15



j
_IN (B (3.16)
T J Z (Sﬂih) ’

We can us@roperly constructed simulatiots get empiricabstimates of our
newcrossmo d el t e ssampling dastribusommd tesbosr hypothesis that it is
standard normally distributedBecause what we are looking fomisampling
distribution, we must define populations from which we can sample data fFrom
each sample we can calculate test statistics and-dampling the same populations a
sufficiently large number of times we caonstructempirical cumulativedistribution
functionsfor these test statisticdVe define our data populationsing the following
procedure:

Data Populations’

1. Let X, bedefined asastandard normal random variabl€hus the population for
X, can be defined by the standard normal distribution.

2. Let the populations of, — X5 be defined such that, = y;X; + v, wherey; are
randomly selected from the standard normal distribwdimhare held constant
acrossall observationsv; arerandomlyselected from a normal distribution with
mean 0 and variance Gabd are randomly selected for each observation

3. Let the population of bedefinedsuch thaty = a + B, X; + X, + X, + u;
wherea = B, = B, = f3 = 1 andy; is standarchormally distributedand is

randomly selected for each observation

*Thisis a slightly modified version of the procedure used by Davies (2008)

16



When we sample data from these populations we expeglt®nships to vary slightly
across samples.idure 3.1andFigure 3.2illustrate an example of two samples from the
same population. Notice thalthough the relationships are very similar, tdeyary
slightly acrosghe samples.lt is this variaton that allows us to use this data generation

methodology to simulate how tlseossmodel test statistits distributed.

Figure 3.1- Sample 1 Figure 3.2- Sample 2

y = 0.2589x 0.2576 e y = 0.2614x 0.2494

Xy X1

The data is designed tepreseneconomiadatg which tends to contain varying
degrees of multicollinearityThe correlation matrix ifrigure 3.3clearly illustrateghe
presence of multicollinearity intgpical data set generated thys methodology.

It is easy to see in this example that all the variables are highly correlated with the
dependent variable even though the dependent is truly only a functgnXef andXs.

It is also easy to see the strong relationships the independent varaldesith one
another. Both of thesmonditionscompound the model selection process and cause

confusion for the researcher when trying to develop a hypothesis. This type of data

17



structure offers us a great opportunity to test how effectizBligcan se¢hrough

spurious correlations and the multicollinearity.

Figure 3.3-Sample Correlation Matrix

y X1 X2 X3 X4 Xs Xe X7 Xsg Xog Xio Xun Xz Xiz Xua Xps
1.00 094 094 -050 -093 0.75 -0.76 085 085 -088 093 -088 091 0.28 0.83 -0.17
094 1.00 099 -062 -099 079 -082 091 090 -094 099 -095 097 0.30 0.88 -0.18
094 099 100 -0.61 -098 0.78 -081 091 090 -093 098 -093 096 0.30 0.87 -0.18
-0.50 -0.62 -0.61 1.00 0.62 -0.51 0.52 -0.57 -0.56 059 -0.62 057 -061 -0.21 -0.56 0.08
-0.93 -0.99 -098 0.62 1.00 -0.78 0.81 -0.90 -0.89 094 -0.98 094 -0.96 -0.30 -0.87 0.18
075 079 0.78 -051 -0.v8 100 -0.64 074 0.71 -0.76 0.78 -0.74 0.77 0.23 0.69 -0.13
-0.76 -0.82 -0.81 052 081 -064 100 -0.74 -0.75 0.78 -0.81 0.77 -0.79 -0.25 -0.71 0.13
085 091 091 -057 -090 0.74 -0.74 100 0.83 -0.86 090 -0.86 0.88 0.29 0.82 -0.16
085 090 090 -056 -089 0.71 -0.v5 083 100 -085 0.89 -086 0.87 0.27 0.80 -0.17
-0.88 -0.94 -0.93 059 094 -0.76 0.78 -0.86 -0.85 1.00 -093 0.89 -092 -0.29 -0.83 0.17
093 099 098 -0.62 -098 0.78 -081 090 0.89 -093 100 -093 096 0.30 0.88 -0.18
-0.88 -0.95 -0.93 057 094 -0.74 0.77 -08 -0.86 0.89 -093 1.00 -091 -0.30 -0.84 0.17
091 097 096 -0.61 -096 0.77 -0.79 088 0.87 -092 096 -091 1.00 0.30 0.86 -0.15
0.28 030 0.30 -0.21 -0.30 0.23 -0.25 0.29 0.27 -0.29 030 -0.30 0.30 1.00 0.27 -0.08
0.83 088 0.87 -056 -087 069 -0.71 082 0.80 -0.83 088 -0.84 086 0.27 1.00 -0.16
-0.17 -0.18 -0.18 0.08 0.18 -0.13 0.13 -0.16 -0.17 0.17 -0.18 0.17 -0.15 -0.08 -0.16 1.00

We use the following procedure to generate empirical examples of hamnodse

model test statistiis distributed

Sampling Distribution Simulation

Generate data populations using the procedure outlined above.

Take al,000 observation sample afl variables fronthe data populations

definedin Step 1.

Randomly select,000 regression modeisom the possible 32,767 that can be

constructed using variablés — X;:.
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4. Run the 1000 regression models selectedbiap 3 using thesampled data from
Step2.
5. Calculate therossmodel test statistjas defined by3.16), for variables
X, — X1z using the results frorStep 4.
6. Repeat steps-2 a total of1,000 times, being sure that tak thedata isbeing
sampled from theamepopulationghat weredefined inStep 1.
As a result of this simulation, weill have a set af,000crossmodel test statistic®r
each variableX; — X;s. Because these test statistics come from multiple samples of the
same population, wean useéhemto construct an empirical estimationafr target

sampling distribution

If these simulations confirm our hypothesis, that@ossmodel test statistits
standard normally distributed, we can use the test statistic as a tool for model selection.
By runningMonte Carlo tests oBERsimilar © those performed by Davies, we can
compareE E Réifactiveness to the effectivenessatkwardstepwise regression. The

following procedure is used to perform sdMdnte Carlo tests

Monte Carlo Testing EER

1. Generate data populations using the procedure outlined above.

2. Take al,000 observation sample ali variables fronthe data populations
definedin Step 1.

3. Randomly selecd®00 regression modefsom the possible 32,767 that can be

constructed using variablés — X;:.

19



. Run the500regression models selected in Sagsing the dataet generated in
Step2.

. Calculate therossmodel test statistias defined by3.16), for variables

X, — X,z using the results from Step 4.

. Perform a twetailed hypothesis test on each test statistic calculated in Step 5
using a .05 level of significance and assuming that the test statistic is standard
normally distributed under the null hypothesis tfiat 0. Thefinal model will
consist of only those variables that do not pass this hypothesis test.

. Run backwardstepwise regression on the data set generated in 8&pdg.05
as the level of significance

. Repeat steps-7 a total 0f2,000times,generatng newdatapopulations and data

setsfor each iteration.

IV. Results and Analysis

The results from the sampling distribution simulation showamsiderable

empiricalevidence that owrrossmodel test statisticomes from a normal distribution.

Figure 4.1shows us the empirical cumulative distribution function obtained from our

simulation for thecrossmodel test statistiosf variablesX, — X,5. These appear to all

be normally distributed; however, we do not see convincing visual evidence that they

stancird normally distributedWe knowthatnone ofvariablesshouldbe statistically

significant in thecorrectly specified modgthus, we camrguethat there should be

nothing inherently different between the distributions of tb@ssmodel tesstatistics

Following that reasoning, it may make sense to btaralverageall of these distributions

20



Cumulative Distribution Function

together, The result of blending these distributions is showRigure 4.2 We see
overwhelming visual evidence that this blended distributiorstaradard normal; in fact,

the comparison passes a KolmogeSmirnov tesata .05 level of significance.

Figure 4.1 - Empirical CDF of the crossmodel test Figure 4.2 - Blended Empirical CDF of the cross
statistic of spurious factors model test statistic for a spurious factor

1.0

0.9 -
0.8 -
0.7 -
0.6 1
0.5 -
0.4
0.3 -
0.2
0.1

Cumulative Distribution Function

0.0 - T T T T
-4.0 -2.0 0.0 2.0 4.0 -4.0 -2.0 0.0 2.0 4.0

CrossModel Test Statistic Cross-Model Test Statistic
The distributions irFigure 41 are from a simulation that consisted of the random
selection of 1,000 regression models over 1,000 population sankiigse 4.3
illustrateswhat happens as we increase the number of regression models to 2,000 and the
number of population samples to @0 Figure 4.4illustrates the results of a similar
simulation that used only 50 regression models and 5,000 samples. Notice that as the
number of samples increases, the distributions converge toward the standard normal.
The empirical evidence suppodsr hypothesis that the cresmdel test statistic is
approximately standard normally distributed. Ladtigure 4.5illustrates the results of
a simulation using 25 regression models and 10,000 samples. As the sample size

becomes larger, these dibtitions begin tslightly converge Blending these

° Blending the distributions is done by merging all of the sets of test statistics into one set.
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distributions in the same manner as performed above results in a distribution that is
almost exactly equal to the standard nordisiribution; this is shown ifkigure 4.6
Again, the comparison passes a Kolmogeorirnov test at a .05 level of significance.
This result supports our ctaithat the expected mean of tressmodel test statistifor

a given variable will be zeré:rom these results we can conclude thathypothesis is
correct, the distribution of a given variatderossmodel test statistjavhen its
parameter estimate in the correctly specified model is zexpected to be

approximately standard normal.
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